Sensitivity analysis is important for its own sake and also in combination with diagnostic testing. We consider the question how to use sensitivity statistics in practice, in particular how to judge whether sensitivity is large or small. For this purpose we distinguish between absolute and relative sensitivity and highlight the context-dependent nature of any sensitivity analysis. Relative sensitivity is then applied in the context of forecast combination and sensitivity-based weights are introduced. All concepts are illustrated through the European yield curve. In this context it is natural to look at sensitivity to autocorrelation and normality assumptions. Different forecasting models are combined with equal, fit-based and sensitivity-based weights, and compared with the multivariate and random walk benchmarks. We show that the fit-based weights and the sensitivity-based weights are complementary. For long-term maturities the sensitivity-based weights perform better than other weights. 
Introduction
The majority of applied econometric papers concentrates on the fit of the models and the statistical significance of the coefficients. Sensitivity analysis is often not or only tangentially reported. This is unfortunate, because sensitivity analysis is at least as important as diagnostic testing. While diagnostic testing attempts to answer the question: is it true (for example, that a coefficient is zero), sensitivity analysis addresses the question: does it matter (that we set the coefficient to zero). At first glance, the two questions seem to be closely related. But Magnus and Vasnev (2007) showed that this is not the case. In fact, the two concepts are essentially orthogonal. Figure 1: The sample is given by three points. The straight line provides minimal fit, but it is not sensitive to model assumptions. The curve gives perfect fit, but is very unstable.
A simple stylized example presented in Figure 1 shows the potential danger of ignoring sensitivity. The sample is given by three points (x 1 , y 1 ), (x 2 , y 2 ), and (x 3 , y 3 ) and two models are fitted. A flat line, given by the average value of the dependent variable y = (y 1 + y 2 + y 3 )/3, provides minimal fit, but it is not sensitive to autocorrelation, non-normality, or any other model assumption. The other model provides perfect fit, but it can only be used in a very small neighborhood of the sample points. It is unstable outside the data range [x 1 , x 3 ], and even within this range it produces unjustified values that are bigger than the maximum in the observed data. In this situation the simple non-sensitive model is more reliable.
There are also situations where one might be interested in a model with high rather than low sensitivity. For example, if we are interested in detecting a crisis or abnormalities in the market, then we prefer a model which is maximally sensitive to even small indications of a crisis. Magnus and Vasnev (2007) provide an overview of the sensitivity literature, and prove formally the asymptotic independence of the commonly used diagnostic tests and the sensitivity statistic. Diagnostic tests and sensitivity statistics are therefore complementary, and both require our attention when analyzing a model. It is possible to derive sensitivity statistics, and several papers have suggested local or global sensitivity measures. It is, however, more difficult to answer the question when a sensitivity statistic is large or small. This question is addressed in the current paper. The paper gives practical recommendations with regards to how the sensitivity statistics can be used, following the suggestion of Severini (1996) that the best approach is to consider sensitivity in relation to the problem under consideration.
In some situations the value of the sensitivity statistic is important, requiring a threshold in order to decide whether the model is sensitive or not. We call this case 'absolute sensitivity'. In other situations only the relative magnitude is important. We call this case 'relative sensitivity'. Essential for both cases is the realization that sensitivity (unlike a diagnostic test) is context-dependent, and will be closely related to the estimator we analyze or the dependent variable we are modeling. To bring out this dependence, we illustrate all concepts introduced in this paper in a specific context, namely forecasting the Euro yield curve.
We show that when several forecasts are available, the weights based on relative sensitivity perform well and are complementary to the fit-based weights. The main purpose of combining forecasts is to improve forecast accuracy, as first shown by Bates and Granger (1969) . The choice of weights, however, is still an open question. Timmermann (2006) provides a thorough overview of the sizeable forecast combination literature, but in practice the optimal weights have to be estimated and this affects their actual performance. The adaptive weights seem to work well in many situations, but sometimes a simple alternative with equal weights gives better results as shown by Stock and Watson (2004) . This fact is explained by Winkler and Clemen (1992) as instability of estimated weights used in generating the combined forecast.
The paper is organized as follows. Section 2 introduces the practical aspects of sensitivity analysis and provides a brief overview of the sensitivity literature. It highlights the context-dependent nature of sensitivity analysis (Section 2.1), and distinguishes between absolute (Section 2.2) and relative (Section 2.3) sensitivity. Section 3 applies the concept of relative sensitivity to forecast combinations, and introduces sensitivity-based weights. The empirical Euro yield curve illustration is given in Section 4 and a detailed description of the data is given in the data appendix. Section 5 concludes.
2 Practical aspects of sensitivity analysis Magnus and Vasnev (2007) introduced local sensitivity through a Taylor expansion. If the variable (or parameter) of interest, say y, depends on a nuisance parameter, say θ, thenŷ(θ) denotes the estimator of y for each given value of θ. Special cases are the 'restricted' estimatorŷ(0) obtained by setting θ = 0, and the 'unrestricted' estimatorŷ(θ) obtained by setting θ equal to its estimated valueθ. The function y(θ) provides not only these two special cases, but the whole sensitivity curve, given by the estimates of y for each given value of θ.
The first-order Taylor expansion of the sensitivity curve at the restricted point is given byŷ (θ) =ŷ (0) 
where
is the first derivative at the restricted point θ = 0, and is called the local sensitivity statistic or simply the sensitivity. One might think that the sensitivity statistic and the corresponding diagnostics would be highly correlated. If this were the case, then the Durbin-Watson statistic (diagnostic) should be highly correlated to the sensitivity statistic of the regression coefficients as a function of the autocorrelation parameter. Magnus and Vasnev (2007) showed that this is not the case. In fact, under general conditions, the sensitivity statistic and the most common diagnostic tests are asymptotically independent, and these general conditions are satisfied in the case of mean, variance, and distribution misspecification. In other words, sensitivity analysis answers an essentially different (and arguably more important) question than diagnostic testing. Magnus and Vasnev (2007) also provided an overview of the sensitivity area and the connection to related concepts in econometrics. Since then the area has been further investigated. Wan et al. (2007) studied the sensitivity of the restricted least squares estimators. Qin et al. (2009) looked at the sensitivity of the one-sided ttest. Ashley (2009) assessed instrumental variable inference via sensitivity analysis. Sensitivity in panel data was studied in Vasnev (2010) . Sensitivity analysis also attracted attention in quantitative finance; see Pospisil and Vecer (2010) and, in a somewhat different framework, the earlier work by Gourieroux et al. (2000) .
When is sensitivity 'large' or 'small' ?
In order to use sensitivity in practice, we need to decide when sensitivity is large and when it is small. Ideally we would like to have a threshold similar to the 5% significance level typically used in diagnostic testing. If a sensitivity is below this threshold, then we call it not sensitive; otherwise we call it sensitive.
Unfortunately, this is not easy; in fact it is impossible. Of course, since sensitivity is a statistic with a estimable variance, we can obtain an interval in which sensitivity lies with a probability of 5%. In other words, we can make statements as to the significance of our sensitivity statistic. But this is not quite what we want. We don't want to know the significance but the importance of the sensitivity, and the importance is not revealed by such intervals.
Sensitivity is and must be context-specific. For example, if the temperature outside changes by one degree, most of us hardly notice it. But it is easy to think of control environments in medicine or chemistry where a fraction of one degree is already too much. Another example: in the stock market changes of around 1% are routine events, but yield fluctuations in fixed income of 1% would be considered colossal; here changes of 0.05% (five basis points) are considered normal.
The temperature example also depends on the scale of measurement (Celsius, Fahrenheit) . This is true in many situations: ifŷ represents personal expenditure then a change of 100 dollars is substantial, but ifŷ represents national savings then a 100 dollar difference is negligible. This issue can be resolved by considering relative changes, except of course whenŷ is close to zero. Duan (1993) measured the sensitivity S relative to the estimated valueŷ. Severini (1996) suggested that the magnitude of a particular sensitivity value should be considered large if a change of this size would have an 'important' effect on the conclusion of the analysis. A less desirable, but more general, approach is based on comparing sensitivity to the internal variability of the estimator, that is the standard error ofŷ(0).
Absolute sensitivity
One can be interested in absolute sensitivity or in relative sensitivity, depending on the context. If one is interested in absolute sensitivity, then a sensitivity threshold, say δ, should be determined in advance (just like the significance level). Severini (1996) suggests using half the standard error of the estimator to distinguish sensitive from non-sensitive cases. Figure 2 illustrates that there are two components of importance when the sensitivity curveŷ(θ) is approximated by a first-order Taylor expansion, namely the direction S and the magnitude θ. Therefore, in order to determine δ, we need two bounds:
1. an upper bound for the nuisance parameter θ representing our worst-case scenario in the direction given by θ; and 2. a bound for the quantity of interest ∆y =ŷ(θ) −ŷ(0) that we are willing to tolerate.
These two bounds then lead to a sensitivity threshold
so that when |S| < δ we may call the sensitivity small, meaning that if the worstcase scenario θ is realized, the change inŷ is smaller than our tolerance ∆y.
Relative sensitivity
Generally, sensitivities of different models in different directions are not comparable. One important exception is when the direction is the same. For example, if we have two modelsŷ 1 andŷ 2 that predict (or estimate) the same thing, then their sensitivities in the same direction (θ) are comparable. Figure 3 illustrates this idea. In this case, a comparison of a change in y approximated by S 1 θ and S 2 θ is equivalent to a comparison between the sensitivities S 1 and S 2 themselves. Therefore, if |S 1 | < |S 2 | then model 1 is less sensitive than model 2 because it will produce a smaller change in y when θ deviates from zero. In some situations the sign might be of importance as well.
3 Forecast combinations and relative sensitivity 3.1 Model/forecast combination A natural application of the relative sensitivity discussed in Section 2.3, where many models are used for predicting the same thing, is the combination of forecasts. We refer the reader to Timmermann (2006) for an overview of this area; our focus is only on the sensitivity aspect. We simplify by considering two models, but the generalization to more models is straightforward.
Suppose we consider the weighted average of two models with outputsŷ 1 and y 2 respectively:ŷ
If the sensitivities of the individual models are S 1 and S 2 then the sensitivity of the combination is given by
The (absolute value of the) sensitivity of the combination is smaller than the average (absolute value of the) sensitivity of the individual models, because
Also, S c will be in-between S 1 and S 2 : if
holds for a weighted average of any number of models. Of particular importance is the case when the two sensitivities have opposite signs, say S 2 < 0 < S 1 , as illustrated in Figure 4 .
Figure 4: Sensitivity of the average of two models.
When the sensitivities of two models have different signs, they will compensate each other and the combination becomes less sensitive than each of the underlying estimates. Regarding the absolute value of the sensitivities, we find that
for 0 < w < −2S 2 /(S 1 − S 2 ) < 1 when S 1 + S 2 > 0; for 0 < w < 1 when S 1 + S 2 = 0; for 0 < −(S 1 + S 2 )/(S 1 − S 2 ) < w < 1 when S 1 + S 2 < 0. (8) Hence, if S 1 + S 2 = 0, then every combination will be an improvement in terms of (absolute) sensitivity. But, if S 1 + S 2 = 0, then only some choices of w will lead to an improvement. For example, if S 1 = 2 and S 2 = −1, then an improvement occurs when we choose 0 < w < 2/3, but not when 2/3 < w < 1. Similarly, if S 1 = 2 and S 2 = −3, then an improvement occurs when we choose 1/5 < w < 1, but not when 0 < w < 1/5.
In Figure 4 we have chosen w = 1/2, and the sensitivity is obviously much reduced. This reduction in sensitivity provides a possible explanation of the good performance of the forecast combination in applications. The combination is often less sensitive than the individual models. In the case of two models with sensitivities of opposite signs, we can in fact reduce the combined sensitivity to zero by choosing the weight w = S 2 /(S 2 − S 1 ).
Sensitivity-dependent weights
In applications the weight is usually determined by a measure of fit, but one can also introduce weights based on sensitivity, for example
giving the model with lower sensitivity a higher weight in the combination. The sensitivity of the combined model is then
If the sensitivities have opposite signs, then S c = 0, irrespective of the size of the sensitivities. If they have the same sign, then
A second possibility is to choose the weights proportional to the sensitivity,
so that the model with higher sensitivity gets a higher weight in the combination.
In that case the sensitivity of the combined model will be
If the sensitivities have opposite signs, then S c = S 1 + S 2 . If the sensitivities have the same sign, then
A third possibility is to combine fit and sensitivity. If the fit is measured by the root mean square forecast error (RMSFE), then one might define the weight as
More generally, w can be defined as a function w(RMSFE 1 , S 1 ), which is nonincreasing in the first argument and non-increasing (or non-decreasing in some situations) in the second argument.
Empirical illustration: Euro yield curve
Since sensitivity is context-dependent, the concepts introduced above should be illustrated with a concrete example. As our example we have chosen the European yield curve.
Data
The yield of a zero coupon bond is the rate that equates the current price of the bond and the discounted principal repayment. The yield y thus solves the equation
where Z is the current price, P is the principal and T is the maturity of the bond. In reality, there are many types of bonds that differ by origination date, maturity, payment structure, and embedded flexibility. Also, the creditworthiness of the issuer and the liquidity can vary substantially. A yield curve is a convenient way to aggregate all this information into one object. The process of creating the yield curve from the original bonds is sometimes called distilling or stripping the yield curve. The final outcome depends on the methodology used to select the data and to fit the curve.
In Europe, the centralized statistical office Eurostat collects the data and provides an estimate of the yield curve for the Eurozone area. Time series for maturities from 1 to 15 years are presented in Figure 5 . Jan00 Jan02 Jan04 Jan06 Jan08 Jan10 0 To account for the difference created by the change in methodology we use a dummy variable for the period starting in October 2004 when dealing with the extended period.
The European yield curve for the maturities from 1 to 15 years is forecasted with the help of macro and financial variables. We extend the data set used in Magnus and Vasnev (2008) to include the latest available observations. The detailed dataset description is provided in the data appendix. Figure 6 shows the dynamics of the yield curve and highlights the fact the curve can shift and can change slope and curvature. The 1-year yield in December 2011 is 0.21%. In this context the natural tolerance bounds would be ∆ = 1bp (0.01%) or ∆ = 10bp (0.1%). The reference interval for absolute sensitivity analysis of the forecast/estimatorŷ is given bŷ
Absolute sensitivity
There are many directions one can look at when analyzing a model that predicts the yields. The natural directions for sensitivity analysis in this example are:
1. autocorrelation in the model error term, which can be captured by sensitivity in AR(1) direction introduced by Banerjee and Magnus (1999) , 2. asymmetry in the error distribution as the yield cannot be negative, which can be captured by sensitivity to skewness introduced by Magnus and Vasnev (2007) .
Autocorrelation is important as we deal with time series and asymmetry is important because of the positiveness of the yield curve.
If sensitivity in a particular direction θ is given by S, then to answer the question of absolute sensitivity, i.e. whether sensitivity is 'large' or 'small', one has to compare |Sθ| and ∆ (or equivalently |S| and ∆/θ), where θ represents the worst-case scenario in the chosen direction.
For the yield curve, the sign of the change is important. For borrowers '+' is bad and '−' is good; for lenders the opposite holds.
Forecast combination based on relative sensitivity
Following Stock and Watson (2004) , we consider univariate models for forecast combinations in order to study the performance of different weights. We use the following weights 1. equal weights; 2. fit-based weights (weights inversely proportional to the root mean squared forecasting error, RMSFE, computed from the previous periods); and 3. sensitivity-based weights introduced in Section 3.2.
We use multivariate and random walk models as benchmarks. We also use standard one-step-ahead out-of-sample forecast with increasing windows and RMSFE for forecast evaluation.
Sensitivity to AR(1) misspecification
From Magnus and Vasnev (2007) the sensitivity statistic of the forecastŷ f = x ′ fβ computed at the point of interest x ′ f is given by
where X is the matrix of the regressors, y contains the observations on the dependent variable used to compute the OLS estimatorβ, T (1) denotes the Toeplitz matrix of order one (that is, it contains ones just above and below the diagonal and zeros elsewhere), and Figure 7a shows the sensitivities of the univariate models and of the equalweight combination across the historical out-of-sample forecast period. As expected, the sensitivity of the combination is smoother than of the individual models. The most extreme behavior is exhibited by the model with RTT. The numerical results are contained in the left panel of Table 1 . The panel shows the out-of sample RMSFE of the forecast combinations of univariate models with equal weights, weights based on the fit, weights proportional to the sensitivity of the univariate model, and weights inversely proportional to the sensitivity. In the historical period for short maturities the weights proportional to sensitivity perform best, for the medium maturity the fit appears to be important, and for the long-term the inversely proportional weights to sensitivity are better. This shows again that weights are case-specific and illustrates the value of sensitivity analysis and its complementarity to diagnostic testing and measures of fit.
Maturity
Equal weights Table 1 : RMSFE of forecast combinations with different weights for the historical period. The best performing weight for each maturity is dark shaded in the first pane. The weights proportional to skewness sensitivity are light shaded in the second pane as they are the best performing across all weights.
Sensitivity to skewness
From Magnus and Vasnev (2007) , the sensitivity statistic of the forecastŷ f = x ′ fβ computed at the point of interest x ′ f is given by
whereσ is the OLS estimator of standard deviation,ǫ is the vector of normalized residualsǫ = My/σ,ǫ i is its i-th component, and x ′ i represents the i-th row of the matrix X. Figure 7b shows the sensitivities of the univariate models and of the equalweight combination across the historical out-of-sample forecast period. Again, the combination is smoother than the individual models.
Maturity
Multivariate model Random walk Equal weight with const
The right panel in Table 1 shows that the weights proportional to skewness sensitivity outperform other weights. This indicates that skewness is a very important feature for the forecast during the historical period.
Further analysis
The results for the new methodology period (October 2004 -September 2011) are given in Table 2 .
The weights inversely proportional to autocorrelation sensitivity perform best in most of the cases. The table also provides the benchmark models and shows that the forecast combination can be further improved. The results for the extended period (January 1999 -September 2011) are given in Table 3 . They show the complementarity of sensitivity and fit-based weights. For maturities up to 9 years the fit is more important, while for maturities over 9 years autoregression sensitivity weights give the best result.
Sensitivities of univariate models and the equal-weight combination are given in Figures 8a and 8b Table 4 : RMSFE of forecast combinations with different weights for the extended period (with dummy variable and random walk component). The best performing weight for each maturity is shaded.
Nevertheless, the forecasts can be improved further. For this purpose the random walk component is extracted first and the forecasts are made for the remaining component. The results are given in Table 4 . The distance between the benchmarks and combinations is reduced. All combinations are better than in the multivariate model. The best-weight combination is better than the random walk benchmark for 1-and 2-year maturities. For other maturities it comes very close as well.
Concluding remarks
This paper has considered practical aspects of sensitivity analysis, and has identified two feasible approaches. First, if the magnitude is important, then contextdependent thresholds can be introduced that classify the models as sensitive or non-sensitive. Second, in some situations when the models estimate the same parameter or forecast the same variable, their sensitivities in one common direction can be compared directly. When applied to forecast combinations, relative sensitivity gives an additional dimension for comparing the forecasts. It also gives a new possibility to choose the weights for forecast combinations. In our empirical illustration, the sensitivity-based weights often perform better than the fit-based weights. Although the results vary across different periods, we see that for longterm maturities the sensitivity-based weights perform better than other weights.
GBP, USD: We also include the exchange rate for the most important currencies: Pound Sterling (GBP) and United States Dollar (USD). In this way we take into account international competition for investments.
SPRD: Piazzesi and Swanson (2004) find the yield spreads particularly useful for the analysis. We include three of them: the spread between 2 and 1 year yields (SPRD 2,1 ), between 5 and 2 years (SPRD 5,2 ), and between 10 and 5 years (SPRD 10, 5 ).
